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We find an exotic spin excitation in a magnetically ordered system with spin orbit magnetism in
2D, where the order parameter has a net spin current and no net magnetization. Starting from a
Fermi liquid theory, similar to that for a weak ferromagnet, we show that this excitation emerges from
an exotic magnetic Fermi liquid state that is protected by a generalized Pomeranchuck condition.
We derive the propagating mode using the Landau kinetic equation, and find that the dispersion of
the mode has a
√
q behavior in leading order in 2D. We find an instability toward superconductivity
induced by this exotic mode, and a further analysis based on the forward scattering sum rule strongly
suggests that this superconductivity has p-wave pairing symmetry. We perform similar studies in
the 3D case, with a slightly different magnetic system and find that the mode leads to a Lifshitz-like
instability most likely toward an inhomogeneous magnetic state in one of the phases.
PACS numbers: 71.10.Ay, 75.50.-y, 71.70.Ej, 74.20.Rp
The Landau Fermi liquid theory is a very successful
theory in condensed matter physics. It provides a phe-
nomenological framework for describing thermodynam-
ics, transport and collective modes of itinerant fermionic
systems. In the Landau theory, the interactions among
quasi-particles are described by the Landau parameters
F s,al , where l denotes the orbital angular momentum
partial-wave channel, and s, a denote spin symmetric and
antisymmetric channels, respectively. It has been proved
by Pomeranchuck that for the Fermi surface to be sta-
ble, the Landau parameters should satisfy the relation:
F s,al > −(2l + 1). Whenever the relation is violated,
there will exist an instability of the Fermi surface known
as a Pomeranchuck instability [1], such as the Stoner
ferromagnetism when F a0 → −1+, or phase separation
when F s0 → −1+. In 1959, Abrikosov and Dzyaloshinskii
[2] developed a ferromagnetic Fermi liquid theory(FFLT)
of itinerant ferromagnetism based on Landau Fermi liq-
uid theroy, whose microscopic foundations were estab-
lished later by Dzyaloshiskii and Kondratenko [3]. Fur-
ther studies had been made of this state using a gener-
alized Pomeranchuck instability based on the FFLT of
Blagoev, Engelbrecht and Bedell [4] and Bedell and Bla-
goev [6].
Recently, Pomeranchuck instabilities in higher angular
momentum partial-wave channels have been studied by
many authors, such as the quantum nematic Fermi liquid
phase as a result of an instability in the F s2 channel by
Oganesyan, Kivelson and Fradkin [9] and the so called
α and β phases the in F a1 channel by Wu, Zhang, et al.
[7, 8]. In these papers, mean-field theory is used based on
the microscopic Hamiltonian to demonstrate the instabil-
ities of the disordered phase and to classify the possible
phases of the ordered state. The Goldstone modes are
studied within the random-phase-approximation(RPA)
approach.
In this paper, we use the traditional Fermi liquid the-
ory, similar to the FFLT, in the weak magnetic limit,
to study the generalized Pomeranchuck instability in the
F a1 channel in a 2D system. Here we start from the state
with an ordered phase, using the Landau kinetic equation
to study the collective modes. In this symmetry broken
phase we find an exotic collective mode. We further find
a superconducting instability induced by this mode. We
also carry out a similar calculation in a 3D system with
a slightly different model, and find the mode leads to a
Lifshitz-like instability toward an inhomogeneous mag-
netic state.
Similar to what was done in the weakly ferromagnetic
system [4], we expand the deviation of the energy around
the ordered ground state in the spirit of Landau up to
second order in the deviations, δnpσ of the momentum
distribution function:
δ(
Ω
V
) =
1
V
∑
pσ
(ε0pσ−µ)δnpσ+
1
2V
∑
pσ,p′σ′
fσσ
′
pp′ δnpσδnp′σ′+...
(1)
where ε0pσ is the quasi-particle energy, f
σσ′
pp′ are the quasi-
particle interactions in the presence of the internal field.
In the limit of a weakly ordered system, we can treat the
quasi-particle interaction as rotationally invariant in spin
space [5], then
fσσ
′
pp′ = f
s
pp′ + f
a
pp′σ · σ′ +O(m21) (2)
In 2-D, we start with the model:
m0p(r) = −
1
N(0)
∂n0p
∂ε0p
m1(zˆ× pˆ) (3)
This model defines a spin orbit magnetism(SOM) state
with zero net magnetization but non-zero spin current
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2proportional to m1, which can be seen as:
σ0(r) = 2
∑
m0p(r) = 0 (4)
jσ,i = 2
∑
p
vp,im
0
p(r)(1 +
F a1
2
)
=
1
2
vf (1 +
F a1
2
)m1(zˆ× iˆ)
(5)
To understand the instability to this ground state, we
first use Eq.(1) to calculate the free energy change based
on this model using [δnp] = m
0
p · ~σ in spin space:
δ(
Ω
V
) =
1
N(0)
(1 +
F a1
2
)m21 + βm
4
1 (6)
which means that this ground state is protected by a
generalized Pomeranchuck condition in the F a1 channel
since we work in the ordered state. Here, β > 0 is a phe-
nomenological parameter making sure the model is valid
and this term is the next leading order added by hand
based on symmetry. The minimum of the free energy for
F a1 < −2 leads to the equilibrium order parameter(spin
current) m1 ∼
∣∣∣1 + Fa12 ∣∣∣ 12 , and in the limit F a1 → −2−,
m1 is small, i.e. in the weakly ordered limit.
To study the collective modes around this new exotic
magnetic Fermi liquid(EMFL) ground state, we inves-
tigate the free oscillation of the momentum dependent
magnetization δmp. These oscillations of δmp can be
determined from the linearized Landau kinetic equation
in the spin channel [10]:
∂δmp(r, t)
∂t
+ vp · ∇(δmp(r, t)−
∂n0p
∂ε0p
δhp(r, t)) = −2(mp0(r, t)× δhp(r, t) + δmp(r, t)× hp0(r, t)) + I[mp] (7)
where h0p = −B+2
∑
p′ f
a
pp′m
′
p and δhp = −δB+2
∑
p′ f
a
pp′δm
′
p are the effective equilibrium field and its fluctuation,
respectively. To study the free oscillations when B = 0 we set δB = 0. At low temperature the the collision integral
I[mp] is negligible and it can be ignored in what follows.
To derive the dispersion relations, we do a Fourier transformation of Eq.(7), and plug in our model Eq.(3), and set
δmp(q) = (− 1N(0) )
∂n0p
∂ε0p
~νp(q) =
∑
l(− 1N(0) )
∂n0p
∂ε0p
~νl(q)e
ilφp . Finally, Eq.(7) becomes:
∑
l,m
[ω − q · vp(1 +
F a|l|
al
)]~νl(q)e
ilφp = 2m1i
∑
l,m
(
fa1
2
−
fa|l|
al
)(zˆ× pˆ)× ~νl(q)eilφp (8)
where al = δl,0 + 2(1− δl,0).
Projecting Eq.(8) to each component of eilφp , we take
l = 0, 1,−1 component of the equation, and keep the
expansion of F al only up to the l = 1 term. The equations
for the l = 0, l = 1 and l = −1 moment are:
ω~ν0 =
qvf
2
(1 +
F a1
2
)eiφq~ν1 +
qvf
2
(1 +
F a1
2
)e−iφq~ν−1 (9)
ω~ν1 =
qvf
2
(1 + F a0 )e
−ilφq~ν0 +m1i(fa0 −
fa1
2
)~ν0 × L1(10)
ω~ν−1 =
qvf
2
(1 + F a0 )e
ilφq~ν0 +m1i(f
a
0 −
fa1
2
)~ν0 × L2(11)
where L1 = (i, 1, 0) and L2 = (−i, 1, 0) are two complex
vectors. Considering each component of the vectors, we
can solve these nine equations and get the dispersion re-
lation of the collective modes. The dispersion relations
for the gapless modes are given by:
ωc =
± 1
2
√
|2 + F a1 | (2fa0 − fa1 )m1vfq − |2 + F a1 | (1 + F a0 )v2fq2
→ ±1
2
√
|2 + F a1 | (2fa0 − fa1 )m1vfq
(12)
In this hydrodynamic-like approach, the truncation of
the Fermi surface distortions up to l = 1 is reasonable,
since if we include the l = 2 distortion terms, we will
find that |~ν±2||~ν±1| =
qvf
2ω (1 +
Fa1
2 ), which is very small for
small momentum transfer. In this sense, the inclusion
of ~ν±2 will not qualitatively change the dispersion of the
collective modes.
To determine if the mode in this EMFL is prop-
agating or Landau damped, we need to consider the
particle-hole(p-h) continuum. The continuum can be de-
termined from Eq.(7) and for 2D we find that ω±ph =
q · vp ±m1 |fa1 |.
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FIG. 1: Collective mode together with the p-h continuum in
2D system. Here, we take F a0 = 0.1, F
a
1 = −2.1, m1 = 0.12n
This mode is very exotic since it propagates with a√
q dispersion relation for small momentum unlike the
magnons found in the Ferromagnetic and Antiferromag-
netic phase. We realize that, due to the
√
q dispersion,
this mode will have higher order temperature dependence
in, e.g., the specific heat, making it difficult to be de-
tected in low temperature specific heat measurements.
Given that it is separated from the p-h continuum, it may
be possible using neutron scattering to detect this spin
mode. Taking reasonable values of the Landau parame-
ters and the order parameter, we evaluate the dispersion
relation of the collective mode and p-h continuum. The
result is presented in Fig.1.
In Fig.1, we have shown the collective mode together
with the p-h continuum. Clearly, we can see that this
gapless mode can propagate for small momentum and
merges into the continuum for relatively large momen-
tum.
We can check the validity of the hydrodynamic ap-
proach, for studying the collective modes, by calculating
the dynamical spin response function using ~χ = − ~ν0δB .
Here we use the Landau kinetic equation(Eq.7) [11] where
we keep δB in the equation. By solving for the poles of
the spin response function, we can also get the dispersion
of the collective mode:
ωc = ±1
2
4
√
1− f
a
0
2fa0 − fa1
√
|2 + F a1 | (2fa0 − fa1 )m1vfq
(13)
which is consistent with the result we found in the pre-
vious hydrodynamic-like approach with
√
q dispersion in
leading order. In comparing Eq.(12) and Eq.(13), the
leading order behavior is not exactly the same. This is
due to the fact that in the previous hydrodynamic-like
approach, we truncated the Fermi surface distortion at
l = 1. In the calculation of the response function, we
truncate the Landau parameters at l = 1, but we keep the
Fermi surface distortion to all order. Although, the in-
clusion of the higher order distortions won’t dramatically
change the leading order
√
q behavior, which is already
shown above, it can still slightly modify the prefactor.
In this EMFL state it is possible that the new spin
wave mode could give rise to a superconducting insta-
bility. The response function for this mode for small
momentum and energy transfer is approximately given
by:
χ ∼ 2N(0)
F a0 − F
a
1
2
ω2c
ω2 − ω2c
(14)
The structure resembles that of response function of a
phonon, which makes it possible that the spin fluctua-
tion mediated interaction can cause the pairing of two
quasi-particles, and lead to superconductivity. Since this
pairing is caused by spin fluctuations, we expect that the
superconductivity is unconventional, in the sense that
the pairing symmetry is different from the normal s-wave
phonon mediated superconductors. It’s actually p-wave,
which is demonstrated below by the argument from the
forward scattering sum rule.
Within the framework of Landau Fermi liquid the-
ory, based on the forward scattering sum rule [4, 10],
we can demonstrate the instability towards supercon-
ductivity and analyze the pairing symmetry of it. In
Fermi liquid theory, the scattering amplitude for small
momentum transfer can be expanded as N(0)aσσ
′
pp′ =∑
l (A
s
l +A
a
l σσ
′)Pl(pˆ · pˆ′)[10]. In the case of weak mag-
netic ordering the quasi-particle scattering amplitude,
Aαl can be expressed by Landau parameters as A
α
l =
Fαl
1+Fαl /al
, where α = a, s and al has the same definition
as above [10]. The forward scattering sum rule states
that the triplet scattering of two quasi-particles with the
same momenta must vanish. Therefore, to the leading
order of m1, we have
∑
l(A
s
l + A
a
l ) = 0. Since in our
model, we only consider the interaction up to l = 1, we
can truncate the equation up to l = 1, then
Aa0 +A
s
0 +A
a
1 +A
s
1 = 0 (15)
In our magnetically ordered state close to the phase tran-
sition, F a1 → −2−, and it follows that Aa1 → +∞, which
requires at least one of the first three terms in Eq.(15)
to diverge as −∞ when approaching the transition point.
Firstly, the diverging of As1 implies the vanishing of the
effective mass, and since we assume a finite density of
state on the Fermi surface, it won’t occur in our system.
Then only As0 and A
a
0 are left to satisfy Eq.(15). Taking
As0 as an example, let A
s
0 → −Aa1 diverge to −∞, which
indicates instabilities in both spin and charge sectors re-
spectively. This leads to phase separation at the point
of the magnetic phase transition. We can now look at
the scattering amplitude in both spin singlet and triplet
channels, where the expansion is still truncated up to
l=1:
asingletpp′ = A
s
0 − 3Aa0 + (As1 − 3Aa1)(pˆ · pˆ′) (16)
atripletpp′ = A
s
0 +A
a
0 + (A
s
1 +A
a
1)(pˆ · pˆ′) (17)
4In the magnetically ordered state close to the transition,
consider the scattering of a pair of quasi-particles with
opposite momentum, the scattering amplitude becomes:
asinglet = 2Aa1 → +∞ (18)
atriplet = −2Aa1 → −∞ (19)
Obviously, we see a strong repulsion in the singlet chan-
nel and a strong attraction in the triplet channel, indi-
cating an instability towards p-wave superconductivity.
The same scenario happens if we let Aa0 diverge.
We also study the same model in a 3D system, where
the Fermi surface distortion is very different from that in
the 2D case. In the 2D system, since the quasi-particle
momentum p lives in the xy plane, the magnitude of
mp is independent of the direction of p, which means
the Fermi surface distortion is isotropic and there is a
constant gap between the two branches of the Fermi sur-
face with different spin polarization. In a 3D system,
however, the gap will depend on the direction of p and
there are nodes located at the north and south pole of
the Fermi surface which makes the p-h continuum very
different from that in the 2D case. The p-h continuum is
no longer gapped at zero momentum, instead, it sweeps a
finite region at zero momentum, which will Landau damp
the
√
q mode and it will not propagate at all. In order
to avoid this problem, we introduce an additional Ferro-
magnetic order in our model, which will gap out the p-h
continuum at zero momentum so that a small window
will be opened to let the collective mode propagate. So
the new model becomes:
m0p(r) = −
1
N(0)
∂n0p
∂ε0p
[m0zˆ+m1(zˆ× pˆ)] (20)
which defines a state with magnetization proportional to
m0 and spin current proportional to m1, similar to the
2D case except for the non-zero magnetization.
Similarly to what we do in the 2D case, we can also
calculate the free energy change based on this model:
δ(
Ω
V
) =
1 + F a0
N(0)
m20 +
2
3N(0)
(1 +
F a1
3
)m21 + o(m
2
0,m
2
1)
(21)
which means that this ground state is also protected by
generalized Pomeranchuck conditons. Since there are
multiple order parameters, it is necessary to study the
competition between the different order parameters. Us-
ing the same hydrodynamic-like approach as in the 2D
case, we find two modes in the phase where both orders
survive:
ω1 → 2D0 + (A0A1
6D0
+
A21D
2
1
36D30
)q2⊥ (22)
ω2 →
2 |A1|
√
q −
∣∣∣ 2D1A0 ∣∣∣√
9A0D20+6A1D
2
1
D31
(23)
where,
A0 = (1 + F
a
0 )vf , A1 = (1 +
F a1
3
)vf
D0 = m0(f
a
0 −
fa1
3
), D1 = m1(f
a
0 −
fa1
3
)
and the p-h continuum is:
ωph = q · vp ± 2
3
√
9(m0fa0 )
2 + (m1fa1 )
2 sin2(θp)
Here, since m0 > 0, the p-h continuum is gapped, which
opens up a window for the modes to propagate. We eval-
uate the collective modes and p-h continuum with reason-
able values of Landau parameters and order parameters,
and the result is presented in Fig.2.
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FIG. 2: (a)Dispersions of the collective modes with the p-h
continuum in phase where both order coexist. (b)Zoom in
version of mode ω2. Here, we take F
a
0 = −1.1, F a1 = −3.1,
m0 = 0.15n, m1 = 0.075n
In Fig.2, we have shown the gapless and gapped modes
outside the p-h continuum. Clearly, we can see that
ω22 < 0 for small q, which is a very exotic feature. This in-
dicates a Lifshitz-like instability [12] of the ground state
towards some inhomogeneous magnetic state such as a
spiral phase [14].
In summary, using Landau Fermi liquid theory, we
studied the collective modes in the spin orbit order mag-
netic state in the fa1 channel, in both 2D and 3D systems.
In both cases, the
√
q dispersion is found in leading or-
der. In the 2D system, we also calculate the spin den-
sity response function, which gives a consistent result(
√
q
dispersion) for the collective mode, suggesting that the
hydrodynamic description captures the essential physics
5of the state. This exotic mode can play a role in the
formation of cooper pairs of two quasi-particles since it
has similar structure to the phonon propagator, so we ex-
pect an instability toward superconductivity close to the
magnetic phase transition. A further argument based
on forward scattering sum rules confirms the instability
again and strongly indicates a p-wave pairing symmetry.
In a 2D system, the model describes one general structure
of spin-orbital coupling and it’s actually closely related
the Rashba Hamiltonian [13] in the 2D semiconductor
heterostructures. Therefore, we expect that this model
can describe 2D or quasi-2D systems with spin-orbital
coupling. In 3D, a Ferromagnetic order is added to the
ground state to avoid the Landau damping and the col-
lective mode leads to a Lifshitz-like instability towards
an inhomogeneous magnetic state in one of the phases.
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